We extend the work of [48] , [49] , to obtain an integral expression of OPE blocks for spinning primaries in CFT2. We observe, when the OPE blocks are made out of conserved spinning primaries, the integral becomes a product of two copies of weighted AdS2 fields, smeared along geodesics. In this way, conserved current OPE blocks in CFT2 have a different representation in terms of AdS2 geodesic operators, in stead of viewing them as AdS3 geodesic operators. We also show, how this representation can be related to AdS3 massless higher spin fields through HKLL bulk field reconstruction. Using this picture, we consistently obtain the closed form expression of four point spinning conformal block as a product of two AdS2 Geodesic Witten diagrams.
Introduction
Recently, using embedding space formalism [1] - [6] , a generalization of scalar Geodesic Witten diagram(GWD) [7] to spinning geodesic Witten diagram has been proposed [25] - [32] 2 . This computes conformal partial waves(CPW)( [8] - [10] ) with spinning exchange operator as well as spinning external operators in CFT d ( [11] - [24] ). For scalar GWD we have: 
where G b∂ , the bulk to boundary propagator and G bb , the bulk to bulk propagator in AdS d+1 are integrated over two geodesics γ 12 and γ 34 . This prescription could be understood from a more fundamental identification between the so called 'OPE blocks' B ij k (x 1 , x 2 )(building block of an OPE) in the CFT and 'Geodesic operators' in the bulk [36] [37] , [39] . 3 In CFT 2 [44] - [46] , the expression for spinning conformal block involves a product of two CFT 1 conformal blocks k h (z) [47] .
This (anti)holomorphic factorization implies that in 2D CFT, in stead of using AdS 3 GWD, one can express any spinning CPW as a product of two AdS 2 GWD. A related question is to ask how the spinning OPE blocks in this case are related in terms of AdS 2 Geodesic operators. The main point of this note is to explore 1 this connection between spinning OPE blocks and AdS 2 geodesic operators.
Our starting point is the observation that in 2D CFT, the method of finding an integral expression for scalar OPE block discussed in [48] , [49] , can be easily extended to the case of spinning OPE block, constructed out of spinning primary field. This type of simple extension is special in CFT 2 , where all spinning primaries are labelled by two real numbers(h,h), which is unavailable in higher dimensions. 4 For instance, using such simplification, available only in 2D, Osborn has derived [46] the closed form expression of spinning conformal block (2) by a simple generalization from the spinless case in CFT 2 , without having to use the embedding space formalism , which is necessary for deriving expressions for conformal blocks for four point function of non-zero spin operators in higher dimensions.
In this note, we try to give a dual interpretation of the generalized integral formula for spinning OPE block in CFT 2 . Interestingly, the integral expression contains the HKLL kernel [55] , [56] of AdS 2 fields. In particular, for the case when the OPE blocks are constructed out of conserved current primaries, one can use the HKLL representation of scalar bulk fields in AdS 2 to recast this formula as a product of two geodesic integrals of AdS 2 bulk fields, along the lines of [39] . To make contact with the bulk dual, we use the HKLL representation for massless higher spin fields [57] in AdS 3 . In [37] , [58] and [25] , bulk dual of spinning OPE block in CFT d , has been discussed in terms of gauge invariant bulk quantity integrated over minimal surface. To the best of our knowledge, the bulk interpretation for conserved spinning OPE blocks in 2D, that we present in this note using special features of CFT 2 , is different from those and is valid for any higher spin symmetric conserved currents.
The note is organised as follows. In the next section, we review the relevant parts of ( [36] & [39] ) about the bulk duals of scalar OPE blocks as discussed therein. In section (3), we discuss specifically the case of the conserved current-spinning OPE blocks (OPE blocks built out of primaries which are conserved currents). We show that, their duals are given by AdS 2 geodesic operators and we also discuss their connection to AdS 3 massless higher spin fields using the results of [57] . The details of the calculations are given in three appendices. In section (4), using this bulk AdS 2 representation for the conserved current OPE blocks and some known results of GWD, we compute the spinning conformal blocks and match with known results of Osborn [46] . We end up with a discussion of our results and some comments on possible future extension.
Review of scalar geodesic operators
OPE blocks (B ij k ) are defined as the contribution of a conformal family associated to a given primary field (O k ) to the OPE of two primary operators(O i , O j ) of dimensions ∆ i ,∆ j respectively. Mathematically,
OPE blocks corresponding to non-spinning primary operators 5 , were identified with the geodesic weighted integral of bulk scalar fields in AdS, independently in [36] , [37] and [39] . In the former two papers, this identification was achieved by showing that, both are solutions to identical differential equations satisfying same boundary conditions, while in [39] this was realized by recasting an old formula due to [48] , [49] in terms of bulk variables. 4 In D=2, the conformal symmetry is infinite dimensional and so the OPE's can be organized into sum of blocks, governed by the full Virasoro symmetry, but here we consider only global OPE blocks, which are governed by the global conformal symmetry. In general, closed form expression of Virasoro conformal block is not known yet, except in a particular limit where the Virasoro block reduces to the global block [50] and hence, one can use GWD prescription to compute the block from AdS 3 [51] - [54] .
5 ie when h k =h k
The conformal Casimir equation satisfied by the OPE blocks, can be visualized geometrically by identifying them as local fields on an auxiliary space, the so-called 'kinematic space'(k-space) made of pair of points of the CFT [36] , [37] . For 2D CFT, the metric on this space is fixed by demanding its invariance under conformal transformations of the two points and it becomes just the metric of two decoupled copies of deSitter space ds
. In particular, for the OPE block B k (x 1 , x 2 )| ∆i=∆j , the Casimir eigenvalue equation precisely gives the Klein-Gordon equation in kinematic space 6 .
By its very definition, as the space of pair of points in CFT 2 , the kinematic space can also be identified as the space of space-like geodesics in AdS 3 [38] , ending on the boundary. It suggests that, the OPE block must also have a holographic dual. It turns out that, the dual of the OPE blocks are 'geodesic operators', which are weighted integrals of bulk fields over geodesics γ, with endpoints in the boundary x 1 ,x 2 .
In [36] , using the techniques of integral transform(X-ray transform in particular), the authors have explicitly shown that, for a massive scalar field in AdS, the geodesic operator on the RHS, satisfies the differential equations
where
Finally, using the 'AdS/CFT boundary condition' for bulk scalar field φ(y, z) in terms of the boundary scalar primary O(y), one can show that, the geodesic operator satisfies the same boundary condition as that of the OPE block at the coincidence limit of two operators [36] . So that,
In [39] , this description was arrived at independently by recasting an old integral formula, derived in [48] , [49] , for the OPE of two spacelike separated scalar operators in CF T d , as an integral of free scalar field in AdS d+1 along the geodesic, connecting the two boundary points with an exponential weight. This integral expression for primary contribution(of primary operator O of dimension ∆) for OPE of two scalars with dimensions ∆ i ,∆ j is,
Using the geodesic length parameter λ and the result of HKLL, the OPE integral becomes,
Also in kinematic space language, conformal blocks are just propagators in that space. In a similar fashion, the dual of CPW, that is GWD in the bulk, can be rederived, just from the more fundamental holographic identification of 'OPE block' with 'Geodesic operator'.
3 Spinning OPE blocks in AdS 3 /CFT 2 This section contains the main analysis and result of this note. Under conformal transformations, any primary tensor field φ z,...,z,z,...,z in CFT 2 of rank ∆ transforms as:
Thus any quasi primary field with spin l and conformal dimensions (h,h), transforms like tensor of rank h +h = ∆, with h of z(≡ x + t) indices andh ofz(≡ x − t) indices. In 2D CFT, three point function of any primary fields with arbitrary spin, has a simple structure, unlike in higher dimensions. Using the method of [48] , [49] , we can derive an integral expression for the OPE of two arbitrary spin primaries. This leads to (see appendix A.) the following expression of OPE block of dimension (h k ,h k ) for two spinning operators A(z 1 ,z 1 ) and B(0, 0) of conformal dimension h i and h j respectively,
Our goal is to interpret this integral OPE formula in AdS 3 /CFT 2 context on the lines of [39] . In this section, we will restrict ourselves to the case, where the OPE block corresponds to a symmetric traceless conserved current in CF T 2 . The main reason for this is that, for a general spin-s operator, there is no analogue of the HKKL construction in the literature.
symmetric traceless conserved currents in CFT 2
A symmetric conserved current J µ1,...µ l in 2D CFT has only two non vanishing components, which are purely holomorphic or anti-holomorphic:
. Such a conserved primary current has to satisfy the condition ∆ J = |s| in two dimensions. This implies that the component J has dimensions (s, 0) and the componentJ has dimensions(0, s). We could consider OPE blocks, constructed out of such conserved primaries. A generic operator would be of the form J 1 (z)J 2 (z), constructed out of the holomorphic component of one current with dimension h k and the antiholomorphic component of another current with dimensionh k . For these operators, C(p, q) factorizes into a product. This simplifies (13) and then using (10) we get,
Where, following [39] , we have defined the bulk coordinate as,
and the corresponding boundary coordinates z 1 (u) = uz 1 andz 1 (v) = vz 1 in Poincare AdS 2 and introduced the geodesic length parameter λ,λ ′ , such that, u =
) are the bulk points over geodesics, where the two AdS 2 fields live. Therefore,
The masses of the corresponding AdS 2 fields are
, where h k andh k are the spins of the two conserved currents, out of which we have constructed the OPE block. The fields φ AdS2 satisfies the AdS/CFT boundary condition,lim y→0 φ AdS2 (y,
(similar boundary condition applies for the other dual operators of dimensionh k corresponding to the other AdS 2 field).
kinematic space description
Following [36] , it is easy to find the equation, that the OPE blocks satisfy for the case, when
The associated boundary conditions are [36] ,
We can also show that the RHS of (14) satisfies the above equation as well as the above boundary condition. The details are given in B,C 8 .
higher spin fields in AdS 3
Equation (14) expresses the higher spin OPE block for symmetric traceless conserved currents in CFT 2 in terms of integrated scalar fields in AdS 2 . Naively, this happens, because the components of these currents are purely holomorphic or anti-holomorphic and therefore they are thought of as scalar operators lived in a CFT 1 , where the CFT 1 coordinate was z,z respectively. Thus it might be suggestive that those (anti)holomorphic blocks could be identified with scalar geodesic operators in the dual AdS 2 description. Nevertheless, we still need to understand what these fields correspond to, from the dual AdS 3 perspective. In AdS 3 /CFT 2 , the dual of such symmetric traceless conserved currents are massless higher spin fields. Such fields have two non vanishing components in AdS 3 . We would like to understand how these are related to the two scalar fields in AdS 2 . To do this, we will use the results of [57] , who have generalized the construction of [59] , [60] to the case of massless higher spin fields in AdS d+1 .
In AdS d+1 , the equation of motion for massless, totally symmetric, integer, higher spin rank-l free field φ µ1µ2...µ l , is obtained by generalizing Fronsdal equation in AdS [61] - [65] .
Imposing the holographic gauge fixing condition 9 and by redefining ψ µ1...µ l = y l φ µ1...µ l , It was shown in [57] , that the higher spin equations reduce to a set of scalar equations:
Thus every components of ψ µ1...µ l satisfies scalar free equations with mass m 2 = (l − 2)(l + d − 2) and the boundary condition lim y→0 ψ µ1...µ l (y, x) = y ∆ ψ µ1...µ l (x), where ∆ = l + d − 2 corresponds to dimension of the conserved primary in the boundary. In this way one can construct higher spin bulk field in terms of scalar smearing function by smearing the boundary conserved higher spin operators over a complexified boundary. The smeared integral takes the form:
In our case, we are interested in spinning fields of AdS 3 with coordinates y, z,z. The traceless and transverse condition of bulk gauge field implies, that only two independent components are non vanishing i.e ψ zzz... (z, y) and ψzzz ... (z, y). Therefore from (21) we have,
where (z,z) = (x + t, x − t). As O zzz... is only a function of z, using t ′ = r cos θ and y ′ = r sin θ, the integral becomes,
Using x = e iθ the θ integral reduces a contour integral inside a circle and the only pole at x = 0 contributes. This simplifies the integral and we finally get a simple expression in this case:
Therefore in the radial gauge, these two non-vanishing independent components of AdS 3 gauge fields are basically the (anti)holomorphic components of conserved currents live at the boundary. This simplification suggests a way to re-express AdS 2 scalar field in terms of the components of higher spin field in AdS 3 . Following HKLL construction for scalar in AdS 2 [55] , [56] and using (24) we have,
Therefore, the connection between CFT 2 spinning OPE block and it's dual representation in terms of two copies of AdS 2 free scalar field, can be related to the AdS 3 /CFT 2 correspondence for massless higher spin/conserved boundary current, following the construction for massless higher spin fields in [57] in a specific gauge. In a different gauge, the form of the explicit map would be different.
Spinning conformal block and geodesic witten diagram
In this section we want to investigate the four-point spinning conformal partial wave in CFT 2 , using the relation (14) of boundary OPE in terms of bulk field. The conformal partial wave is defined by projection of conformal four point function onto a conformal family O k .
where P O is the projector onto the conformal family O of dimension h k ,h k . Using (14) we get,
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Where φ (0) h k denotes the free field in AdS 2 with corresponding mass h k (h k − 1). This leads to,
The bulk to boundary propagator for massive free scalar field in AdS 2 is G b∂ (y, z i ) = y y 2 +|z−zi| 2 hi . Here, on the geodesic the bulk and boundary coordinates are parametrized by,
where u(λ) = 1 1+e 2λ . Using these variables, the bulk-boundary propagator reduces to,
Also the bulk two point function is the bulk to bulk propagator. Using these results, we get,
Therefore, it reduces to the product of two Geodesic Witten Diagram(GWD) on AdS 2 . This implies that, 2D spinning conformal block decouples into two CFT 1 conformal block. To be more specific, the first part of the product is precisely a CFT 1 conformal block of coordinates (z 1 , z 2 , z 3 , z 4 ). Using GWD, it has been checked [39] that this first integral indeed gives the expected CFT 1 result [47] , i.e
Using this, one can also obtain the conjugate part, from the second part of the product. Thus, finally we get,
The above expression was arrived at by restricting to the OPE block, obtained from the primary J h k (z)Jh k (z). We can similarly work out the contribution from the OPE block, constructed out of Jh k (z)J h k (z). This will be given by:
The full four point function would have contributions from both these conformal blocks as in (2) . Therefore, this result provides a consistency check for our identification of OPE block with AdS 2 geodesic operators (14).
Discussion
In this note, following the work of [48] , [49] , we have derived an OPE block integral formula for conserved currents and we have reinterpreted this formula along the lines of [39] , as an expression in the bulk AdS. The corresponding OPE block constructed out of conserved current components J i (z)J j (z) can be expressed as a product of two geodesic integrals of scalars in AdS 2 . It should be possible to reproduce the scalar field OPE block case (9), as a special case of our formula (13) when h =h, however it is proved to be technically hard at present. We then showed that, how these scalar fields are related to the components of massless higher spin fields in AdS 3 , following the work of [57] . So basically, this note emphasizes the interplay between HKLL and OPE block-geodesic operator story in a different way. As a consistency check of our expression (13), we showed how this expression for conserved currents OPE block, leads to the correct expression for spinning conformal block using GWD prescription for CFT 1 conformal block.
Apart from this integral representation (13) in Fourier space, another integral expression (56) coming from Shadow operator formalism in position space for spinning OPE block, exists in the literature. The powerful feature of (13) is the fact that, it contains the well-known HKLL kernel of AdS 2 scalar field. To see the connection of conserved current block with AdS 2 scalar field is an interesting problem from the expression of (56) .
A special example of our formula is the symmetric combination of stress tensor OPE block(B T ,BT ), which corresponds to the modular Hamiltonian [36] . In our formalism, each stress tensor block can be represented by geodesic integral of AdS 2 scalar field with mass m 2 = 2. On the other hand, in [58] , the bulk dual of modular Hamiltonian is described as the fluctuation in the area of minimal surface. It would be nice to understand how to relate our construction with their result.
In general, the spinning conformal block in CFT 2 , is factorized into (anti)holomorphic parts as in (2) . But such factorization does not occur at the OPE block level as we have seen in the general expression (13) . Only for the special case, which we have considered in this note, i.e for conserved current blocks, it happens. Hence, it is natural to ask about the dual interpretation of OPE blocks of non-conserved currents. However, since we do not have a HKLL construction for general massive higher spin fields, we are unable to relate this expression to fields in AdS 3 . We do not therefore have much to say about this general case. It would be nice if one could make progress in this direction. Furthermore, it would be nice, if, one could extend this direction using embedding space formalism to study OPE blocks and their dual in higher dimensions.
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A Integral expression of spinning OPE blocks in CFT 2
Here, we follow the similar path of [48] , [49] , to obtain an integral expression for spinning OPE block, comes from OPE of two arbitrary spin primaries in CFT 2 . In 2D CFT three point function of three spinning operators C(z 2 ,z 2 ), A(z 1 ,z 1 ) and B(0, 0) is given by
Using the famous Feynman parametrization formula of
(uA+(1−u)B) α 1 +α 2 , one can write the following 
Let us consider the following quantity: (38) Now using the identity
Putting this back into (36), we get the following expression for three point function
) is the Euler Beta function and h AB = h A − h B . One can identify the (40), we can get the following integral expression for the contribution of the conformal family of a primary operator C of dimension h C ,h C to the OPE of A(z 1 ,z 1 )B(0, 0) .
Using the definition of Bessel function in terms of hypergeometric function one can rewrite the following,
After simplifying this expression and performing Fourier transform, we finally get the following form,
B Transformation properties of spinning OPE blocks and different integral representation
We will now see how an OPE block(from an OPE of two arbitrary spinning operators) in CFT 2 with arbitrary spin, changes under conformal transformation.
The OPE of two operators A(z 1 ), B(z 2 ) with conformal dimension h 1 , h 2 , can be written in terms of OPE block B k , as,
Hence we get,
Now for arbitrary local infinitesimal conformal transformation z ′ → z + ǫ(z), we have,
On the other hand, from the definition of primary operators we have,
Using (47) and (48) we get,
Therefore, (44) , (46) and (49) implies,
We will now check this transformation property of OPE block for different symmetry generators in CFT 2 . At last, we want to find a a Casimir equation acting on OPE block. The general strategy is to rewrite the generators, acting on OPE block, as the spin zero generators acting on that. For translation L −1 = −i∂ z , we get,
where −L
−1 is the generator of translation for spin zero operators. Similarly for scaling we would have
0 is the generator for scaling for zero spin operators. Similarly for special conformal transformation, we would have L 1 = i(2zh + z 2 ∂ z ) and
Hence, the Conformal Casimir equation implies,
Therefore we showed that instead ofL (0)2 B , the Casimir gets correction terms [2(h 2 − h 2 )(z 1 − z 2 )(∂ z1 + ∂ z2 ) + cc], due to the spin difference of two external operators, h 1 = h 2 .
In [36] , an expression for OPE block for same operator dimension and same spin is given, using Shadow operator formalism [49] , [66] - [68] , [13] . One can generalize that expression for unequal spin cases using similar path. The formal expression is,
whereÕ k (ω,ω) is the shadow operator with conformal dimensionh k = d 2 − h k . After plugging back the conformal three point function we finally get,
It is easy to verify that (56) satisfies the conformal Casimir equation by acting the Casimir operator [2(
which gives the mass term C k as the eigenvalue. Apart from this, the integral expression of (56) already assures the boundary condition for OPE block. The powerful feature of (13) is the fact, that, it contains the well-known HKLL kernel of AdS 2 scalar field. It would be nice to see how one could get the connection of conserved current block with AdS 2 scalar field from the expression of (56).
C Explicit proof of intertwinement for geodesic operator/OPE block correspondence with unequal spin
Using the intertwinement property of X-ray transform of a bulk field φ, the authors of [36] have shown that the k-space equation of motion of scalar OPE block(for the OPE of two scalar primaries ∆ i = ∆ j ) intertwines with the free bulk scalar Klein-Gordon equation.
Where R ≡ γ ds and ds is the infinitesimal length of the geodesic γ. The main result of [36] is B k = Rφ which is argued from this intertwinement property by showing that they both obey the same EoM and the same boundary condition at x 1 → x 2 limit. On the other hand, for ∆ i = ∆ j , [39] has argued that the form of OPE block becomes
This modified geodesic operator R(e −s∆ij φ) also satisfies the intertwinement property. As s being a geodesic length, which is manifestly diffeomorphism invariant quantity, the isometry group element of AdS 3 does not change it. Thus it is straightforward to prove intertwinement of differential operator in k-space and AdS, i.e
We will now see how this intertwinement property of Radon transform in CFT 2 holds, by explicitly working on Poincare AdS 3 on a constant time slice. More precisely, we want to show the following,
AdS2 φds
At the constant time slice there is no other constraint equation(e.g John's equation). We will use this result for arbitrary spin cases. Let us now proceed by choosing Poincare coordinates. We define the geodesic length from the centre of the geodesic to some arbitrary point(x,z) on the geodesic. Therefore the geodesic distance is given by, s = 
We want to express ∂ x φ and ∂ z φ in terms of ∂ r φ and ∂ θ φ. Therefore, ∂ x φ = cos θ∂ r φ − sin θ r ∂ θ φ and ∂ z φ = sin θ∂ r φ + cos θ r ∂ θ φ. Similarly we get, 
Therefore intertwinement of Laplacian also holds for the spinning geodesic operators. Next we want to check, how the initial condition of field in k-space agrees with the AdS/CFT boundary condition via such geodesic operator, in this case. lim z1,z1→z2,z2
Rφ AdS2 (z(s),
Hence, our result for expression of conserved current OPE block is consistent with the k-space approach of matching equation of motion and initial condition from both side in AdS/CFT.
